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Abstrat
We onsider N = 4 theories on ALE spaes of Ak−1 type. As is well known, their
partition funtions oinide with Ak−1 ane haraters. We show that these partition
funtions are equal to the generating funtions of some peuliar lasses of partitions whih
we introdue under the name 'orbifold partitions'. These orbifold partitions turn out to be
related to the generalized Frobenius partitions introdued by G. E. Andrews some years
ago. We relate the orbifold partitions to the blended partitions and interpret expliitly in
terms of a free fermion system.
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1 Introdution
There is a rih lass of relations between four-dimensional supersymmetri gauge the-
ories, partiularly the topologial twisted ones that are given by exat instanton sums,
and two-dimensional onformal eld theories, whih an often be realized in terms of free
fermion systems.
One of the rst examples of suh a relation was found by Nakajima [1℄ in the math-
ematial literature and was further explained by Vafa and Witten as a manifestation of
S-duality of N = 4 theories [2℄. Various gauge theory quantities suh as partition fun-
tions, an be omputed by losely related ensembles of partitions in the orresponding 2d
CFT. In partiular, in the simplest ase, the partition funtion of N = 4 twisted U(1)
gauge theory on R4 is given by the inverse of the Dedekind η(q) funtion, whih apart
from a fator of q−1/24 is a generating funtion of all two-dimensional partitions weighted
by the number of boxes. For N = 2 theories on R4 the free fermion expressions enoding
their partition funtions were found and related to the ounting of various ensembles of
two-dimensional partitions in [3, 4℄. In general, these relations arise from an identiation
of the gauge theory partition funtions with the Euler harateristis of instanton moduli
spaes, with two-dimensional partitions enoding information about these moduli spaes.
Reently, the appearane of onformal eld theories and free fermions was understood
more diretly from the (physial type II) string theory perspetive. In string theory super-
symmetri gauge theories an be realized on the worldvolume of D4-branes. It was shown
in [5℄ (see also [6℄) that suh D4-branes wrapping Taub-NUT spaes an be related to a
system of D4 and D6-branes interseting along a Riemann surfae. Then the fermions in
question arise as massless states of open strings strethed between D4 and D6-branes and
indeed live just on this surfae. Moreover, by a suitable hain of dualities those D-brane
systems were related to topologial strings.
In fat, the above relations are not limited to four-dimensional gauge theories. As
shown in [7℄, the partition funtion of six-dimensional twisted U(1) gauge theory on R6 is
omputed by three-dimensional partitions and is losely related to the topologial vertex
formulation of topologial strings.
Even though free fermion expressions have been found for gauge theories dened on
various underlying manifolds, their interpretation in terms of partitions was understood
so far mainly in the ase of theories dened on R4 or R6. In this paper we extend the
partition interpretation to N = 4 theories on ALE spaes, whose partition funtions are
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well-known to be given by ane haraters [1, 2℄. At least for the U(1) theory on an Ak−1
singularities we show that their partition funtions are generating funtions of speial
lasses of partitions, whih we all orbifold or generalized partitions. These partitions are
related to the so-alled generalized Frobenius partitions introdued by G.E. Andrews in
[8℄. We also interpret these orbifold partitions expliitly in terms of a two-dimensional
fermioni system. The issue of instantons on ALE spaes as well as their relation to
ounting of partitions were also analyzed, among the others, in [9, 10, 11℄.
The paper is organized as follows. In setion 2 we review the most essential properties
of N = 4 twisted Yang-Mills theory, in partiular when dened on ALE spaes. In setion
3 we introdue two types of orbifold partitions for ALE spaes of Ak−1 type. In setions 4
and 5 we show how to ompute generating funtions of these orbifold partitions and prove
they are equal to appropriate ane haraters. In setion 6 we give some expliit examples
of these generating funtions. A summary of results is given in setion 7.
2 N = 4 Yang-Mills theory and ALE spaes
In this setion we briey review some properties of N = 4 topologial supersymmetri
U(N) gauge theory following [2, 5℄. An ordinary N = 4 theory an be though of as N = 2
theory with a hiral multiplet and a massless hypermultiplet. We onsider its twisted
version onstruted by the embedding of the SO(4) Eulidean rotation group speied by
the (1, 2) ⊕ (1, 2) representation into the SU(4) R-symmetry group. After the twisting
the theory beomes topologial, albeit equivalent to an ordinary theory when dened on a
hyper-Kähler four-manifold M , and its ation is given by
−
∫
i
8π
τ TrF+ ∧ F+ + v ∧ TrF+ + ..
with v ∈ H2(M,Z), F+ denoting the self-dual part of the eld strength, and the omplex-
ied gauge oupling τ given by
τ =
θ
2π
+
4πi
g2
.
The partition funtion of this theory takes the form
Z(v, τ) = q−Nχ(M)/24
∑
m,n
d(m,n)ymqn, (1)
where d(m,n) ompute the Euler number of instanton moduli spae of topologial harges
c1 = m and ch2 = n, while y = e
2πiv
and q = e2πiτ . It is important to stress that the
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oeients d(m,n) are expeted to be integers. This beomes partiularly lear from a
ve-dimensional perspetive, where d(m,n) aquires an interpretation of an index whih
omputes ertain BPS invariants.
The beta-funtion of N = 4 theory vanishes and in onsequene this theory has a very
peuliar properties under the ation of the S-duality group on the gauge oupling τ . In
partiular, the partition funtion should transform as a modular Jaobi-form
Z
(
v
cτ + d
,
aτ + b
cτ + d
)
= (cτ + d)−χ(M)e2πicv
2N/(cτ+d)Z(v, τ),
Z(v + nτ +m, τ) = e−2πiN(n
2τ+2n·v)Z(v, τ),
for
[
a b
c d
]
∈ SL(2,Z), and n,m ∈ H2(M,Z) ∼= Zb2 .
Suh a behavior is a reminisent of a transformation property of ane haraters. If
Z(v, τ) indeed oinides with some ane harater, this automatially ensures integrality
of d(m,n), as in that ase they enode multipliities of ertain representations speied by
ane integrable weights.
In this paper we wish to onsider N = 4 U(N) theories on ALE spaes. In general,
ALE spaes an be onstruted as resolutions of orbifolds of the form
C
2/Γ, (2)
where Γ is a nite subgroup of SU(2). In the proess of a resolution the singular orbifold
points are replaed by two-spheres, whose intersetion numbers are equal to entries of a
Cartan matrix of a ertain Lie algebra g. This provides a mapping between two-spheres
in the resolved singularity and nodes in a Dynkin diagram of g, as well as a one-to-
one orrespondene between nite subgroups Γ of SU(2) and Lie algebras g known as
the MKay orrespondene [12℄. In partiular, under this orrespondene abelian groups
Γ = Zk are mapped to Ak−1 Lie algebras, dihedral groups are mapped to Lie groups of D
type, and symmetry groups of regular solids are mapped to exeptional Lie algebras of E
type. The ALE spae of Ak−1 type is shown shematially in gure 1.
Aspets of N = 4 U(N) theories on ALE spaes were eluidated in [1, 2, 5℄. The
boundary of the ALE spae is a Lens spae S3/Γ, so the U(N) gauge eld an approah
some non-trivial at onnetion at innity. Suh at onnetion is labelled by the N -
dimensional representation of Γ
λ ∈ Hom(Γ, U(N)),
4
Figure 1: An ALE spae of Ak−1 type ontains k−1 spheres whose intersetion
numbers are given by the Cartan matrix of the Ak−1 Lie algebra. If all spheres
are blow down to zero size, we obtain the singular orbifold spae C2/Zk.
whih an be deomposed into irreduible representations ρi of Γ as
λ =
∑
i
Niρi,
with Ni non-negative integers satisfying the relation∑
i
Ni dimρi = N.
Under the MKay orrespondene the dimensions di of the irreduible representations of
Γ an be identied with the dual Dynkin indies of the extended Dynkin diagram. This
suggests we an think of eah λ as determining an integrable highest-weight representation
of the the ane extension ĝ at level N . We will denote this representation as Vbλ, where λ̂
is the orresponding integrable weight. In a remarkable work [1℄ Nakajima proved that on
the middle dimensional ohomology of the moduli spae of gauge theory one an atually
realize the ane algebra ĝ, and in onsequene the partition funtion an be identied
with the ane harater of λ̂
Zλ(v, τ) = TrVbλ
(
yJ0qL0−c/24
)
= χ
bg
bλ(v, τ) =
∑
m,n
d(m,n)ymqn+hbλ−Nk/24, (3)
with λ speifying the boundary onditions on boundary of ALE spae S3/Γ and y = e2πiv.
In partiular for Γ = Zk and the ALE spae of Ak−1 type we get a representation of
ŝu(k)N and in this ase dual Dynkin indies di = 1 for i = 0, . . . , k−1. With the boundary
ondition λ at innity we get a vetor-valued partition funtion whose omponents are of
the form
Zλ(v, τ) = χ
csu(k)N
bλ (v, q). (4)
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For U(1) the above haraters are given expliitly in appendix C. In the following setions
we show how these partition funtions are reprodued by some partiular lasses of two-
dimensional partitions.
Let us also mention, that the MKay orrespondene for Ak−1 ALE spaes was derived
from a string theory perspetive in [5℄ by relating gauge theory on a Taub-NUT spae to the
interseting brane onguration. Taub-NUT spae is a deformation of ALE spae whih
approahes S1 of onstant radius at innity. In that ase there are additional monopoles
around this S1, whih is manifested by additional χbu1 fators in the partition funtion (4).
3 Orbifold partitions
An ordinary two-dimensional partition λ an be seen to determine an ideal of funtions
I = {f(x, y)} ⊂ C[x, y] generated by a set of monomials xiyj for i, j ≥ 0, in suh a way
that a box (m,n) ∈ λ if and only if xmyn /∈ I.
Figure 2: An ideal I ⊂ C[x, y] generated by the set of monomials
(x5, x2y, xy3, y4) orresponds to the partition (5, 2, 2, 1).
We introdue the following Zk orbifold ation on C
2
(x, y)→ (ωx, ωy), for ω = e2πi/k. (5)
Let us onsider ideals of funtions having denite transformation properties under this
ation. A given monomial xiyj transforms as ωi−j, and all monomials with the same
transformation property an be represented as a periodi sub-lattie of Z2. In partiular,
there is a set of invariant monomials whih we refer to as invariant (or non-twisted) setor
(these neessarily inlude onstant funtions represented by (0, 0) point on the lattie). All
the other lasses of monomials will be alled twisted setors.
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We dene two types of partitions, whih we all orbifold or generalized partitions, as
follows:
• Orbifold partition of the rst type: this is an ordinary two-dimensional partition,
however with some subset of its boxes distinguished; these distingusihed boxes, as
points in Z2 lattie, orrespond to monomials with a denite transformation property
under the ation (5); we dene a weight of suh a partition as the number of these
distinguished boxes (and not all boxes in this partition),
• Orbifold partition of the seond type: this is a partition whose diagram onsists
only of these distinguished boxes, with a weight given by their number.
We draw these distinguished boxes in blak in the gures below. In the rst ase, there
are generally many partitions with the same set of distinguished boxes, but with dierent
positions of remaining (weightless) boxes. In the seond ase, a given set of distinguished
boxes denes one and only one partition. One an also think of the partitions of the seond
type as equivalene lasses of partitions of the rst type, suh that all elements in one lass
have the same set of distinguished boxes.
Figure 3: Sample generalized partitions of the seond type (onsisting only of
blak boxes) in the invariant (left) and the twisted (right) setors of C2/Z3
orbifold.
Examples of generalized Z3-partitions of the seond type are given in gure 3. The left
piture orresponds to the invariant setor, and the right one to the twisted setor orre-
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sponding to monomials transforming with a fator of ω = exp(2πi/3). The orresponding
latties are denoted by grey boxes; the box in the left-bottom orner has oordinates (0, 0)
and orresponds to onstant funtions. Sample partitions in both setors are denoted in
blak, and white boxes are immaterial (examples of partitions of the rst type arise if we
take white boxes into aount as well). A proper way to dene a generalized partition (of
both types and in any setor) is as follows: if a box (m,n) belongs to a partition, then all
the boxes (i, j) from the (grey) sub-lattie suh that i ≤ m and j ≤ n must also belong to
this partition; this property is easily seen in the gure 3.
To work with generalized partitions of the seond type it is ruial to denote them
in a way whih takes into aount only the distinguished boxes. The usual onvention
to write the number of distinguished boxes in eah row is not the best hoie, as these
numbers are not dereasing; for example the partitions in gure 3 orrespond respetively
to sequenes (3, 2, 1, 2, 1, 1, 1, 1) and (3, 2, 2, 1, 0, 1, 1). An additional ondition whih states
when a number of boxes in the next row may inrease must be introdued in this ase; this
ondition is simple but awkward.
It turns out that a better idea is to use the so-alled Frobenius notation introdued in
appendix A. For deniteness, let us fous on an invariant setor. We slie a given partition
λ diagonally and introdue two sequenes of numbers (ai) and (bj), whih denote number
of boxes in rows to the right and to the left of the diagonal
λ =
(
a1 a2 . . . ad(R)
b1 b2 . . . bd(R)
)
where d(R) is the number of boxes on the diagonal. For ordinary partitions, the sequenes
(ai) and (bi) must be stritly dereasing. For generalized Zk-partitions, a ruial point is
that this ondition is relaxed: a given number an our at most k times. This oinides
preisely with the denition of generalized Frobenius partitions, as was introdued in [8℄.
Let us note that suh a partition an be presented as a state of a Fermi sea with a
generalized statistis: there may be at most k fermions at a given position (suh objets
are alled parafermions, and their unusual form of the Pauli priniple a parastatistis). In
gure 4 the partition (
3 3 1 0 0
4 2 1 1 0
)
is presented for C
2/Z2 orbifold, together with the orresponding state in the parafermi sea.
Indeed, in this ase at most two parafermions an sit in the same plae. Generalization of
this setup to other setors is straightforward.
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Figure 4: A generalized partition of the latter type in an invariant setor of
C2/Z2 orbifold as a state in a parafermi sea, as projeted onto the horizontal
axis. Note that beause of parastatistis states an be at most twie oupied.
4 Counting of partitions of the rst type
In this setion we wish to ompute generating funtions of the generalized partitions
of the rst type for ALE spaes of Ak−1 type
Z˜kr =
∑
rst type partitions
q#(black boxes),
in all setors r = 0, . . . , k − 1, where r speies the power of ω in (5).
As we show below, these generalized partitions are related to states in the Fok spae
of k free fermions, and the number of blak boxes gives weights of suh states. As is well
known, a system of k free fermions provides a representation of û(k)1 ane Ka-Moody
algebra. For this reason Z˜kr an be expressed in terms of ane haraters. On the other
hand, the blak boxes transform in a denite way under the Zk orbifold group of Ak−1
ALE spae, whih provides a relation to Nakajima's results.
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We start with the observation that generalized partitions of the rst type an be identi-
ed with blended partitions, whih desribe a state of a Fermi sea of several fermions. Let
us onsider k omplex fermions with orresponding fermion harges p1, . . . , pk, and xed
total harge p
p =
k∑
i=1
pi.
For the ith fermion there is a orresponding Fok spae Fi, and elements of its basis an
be represented in a standard way as states in a Fermi sea, or in terms of the usual Young
diagrams with a speied harge pi. The total Fok spae F is a tensor produt of k of
these Fok spaes
F =
k⊗
i=1
Fi.
The basis elements of F are obtained by tensoring the basis elements of Fi. Tensor produts
of states that orrespond to a olored partition
~R = {R(i)} with harges pi, are also in
one-to-one orrespondene with a partiular kind of two-dimensional partitions, whih are
alled blended partitions [4, 13℄. A blended partition R = (RK)K∈N is dened by a set of
(neessarily distint) integers
{k(pi +R(i),m −m) + i− 1 | m ∈ N} = {p+RK −K | K ∈ N}, (6)
whih impliitly denes a nite number of non-zero RK ordered suh that R1 ≥ R2 ≥ . . ..
The total number of boxes of suh a partition is equal to
|R| =
∑
i
(
k|R(i)|+
k
2
p2i + ipi
)
−
(k + 1)p
2
−
p2
2
. (7)
Extending the relation between partitions and hiral fermions explained in appendix B, one
an of ourse write the denition of a blended partition equivalently in terms of fermioni
states, by merging k hiral fermions into a single hiral fermion.
Now we laim the generalized Zk-partitions of the rst type are in one-to-one orre-
spondene with blended partitions R obtained from k-olored partitions ~R, suh that
• a generalized partition has the same shape as the orresponding blended partition,
• a weight of a generalized partition (as given by the number of distinguished boxes it
ontains) is speied by the total weight of a state of k fermions related to ~R.
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Figure 5: Blended partition obtained from k = 3 fermions is in fat equivalent
to generalized partition. The total fermion saling weight (energy)
∑
(|R(i)| +
p2i /2) = 10 is determined by the number of blak boxes.
A generalized partition orresponding to a ertain blended one is shown in gure 5.
The total weight of a state of k fermions is equal to their ontribution to the harater
(34) ∑
i
(
|R(i)|+
p2i
2
)
. (8)
To nd the number of distinguished boxes in a generalized partition R (of the same shape
as a blended partition) it is helpful to represent it as a set of hook partitions (having
preisely a single row and a single olumn), xed to diagonal elements of R, and divided
into intervals of at most k boxes. An example of suh a onstrution for a situation in
gure 5 is given in gure 6, with these intervals drawn in blak. Eah interval of k boxes
ontains preisely one distinguished box. To ount distinguished boxes, we will ount all
boxes ontained in those blak intervals and divide their number by k. However, there
are some exess boxes: in fat some of those blak intervals ontain less than k boxes
(when an interval stiks out of the partition); or some white boxes don't belong to any
blak interval (when all distinguished boxes in a given hook have already been mathed to
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some blak interval). Let us rewrite the harges pi in terms of n, r, n1, . . . , nk−1 as in (35),
whih is always possible in a unique way. In partiular, we have
n = [p/k], r = p− kn,
where [·] denotes the integer part of a real number. Let us also introdue
p′i = pi − n− δ, where δ =
{
1 for i = 1, . . . , r
0 for i = r + 1, . . . , k
Now it is straightforward to show that the number of these exessive boxes is given by∑
i
ip′i =
∑
i
ipi −
(k + 1)kn
2
−
(r + 1)r
2
. (9)
Subtrating this from the total number of boxes |R| and dividing by k we onlude the
number of distinguished boxes is equal to
|R| −
∑
i ip
′
i
k
=
∑
i
(
|R(i)|+ n
2
i − nini+1
)
+
r2
2
+ n1r −
r
2
,
whih almost reprodues (8), so that summing over all diagrams R(i) with the total xed
harge p = kn+ r we get
Z˜kr =
∑
1st type partitions
q#(black boxes) =
qk/24
η(q)k
∑
n1,...,nk−1
q
P
i(n
2
i−nini+1)+
r2
2
+n1r−
r
2 =
=
q
k
24
+ r
2
2k
− r
2
η(q)
χcsu(k)1r (0), (10)
whih is proportional to the ŝu(k)1 haraters as given by equation (33) in Appendix C, as
omputed for zi = 0. Now following the formulae of this Appendix, we note that the û(k)1
harater deomposes aording to equation (38) into k level 1 ane haraters indexed
by r = 0, . . . , k − 1, weighted by û(1)k haraters
χbu(k)1(xi) =
k−1∑
r=0
χbu(1)kr (x˜)χ
csu(k)1
r (x˜i). (11)
Here xi, i = 1, . . . , k are the speialization points given in equation (37), whih in partiular
determine variables yj, j = 1 . . . k−1 in whih ŝu(k)1 haraters are naturally expressed, see
equation (32). We see that generating funtions for generalized partitions indeed ombine
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into û(k)1 harater omputed at values of xi = exp(2πizi) = 1. Summing (10) over
allowed r we reprodue the n = 0 setor of û(k)1 harater
χbu(k)1(zi = 0)|n=0 = q−k/24
k−1∑
r=0
qr/2 Z˜kr . (12)
Thus the ounting of states of k fermions with xed total harge is equivalent to the
ounting of generalized partitions of the rst type.
Let us nally note that we always an think of the distinguished boxes we ount as
belonging to the invariant setor, i.e. given by monomials xiyj that are invariant under
the Zk ation. If p is a multipliity of k, the box at position (0, 0) of a blended partition
always transforms invariantly. But if the total harge p is not a multipliity of k, the orner
of the blended partition is xed at the position p of the total Fermi sea, and the box (0, 0)
does not transform invariantly; thus those boxes whih do transform invariantly may be
thought of as belonging to twisted setors of the generalized partition.
Figure 6: Counting of distinguished boxes of a generalized partition from gure
5. This partition onsists of 4 hooks attahed to the diagonal. The number of
exess boxes is −1 − 1 + 1− 2 = −3, whih an be omputed following eqn.
(9) as
∑
i ipi = 1 + 2 ∗ 1 + 3 ∗ (−2) (in this ase n = r = 0).
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5 Counting of partitions of the seond type
Now we onsider generalized partitions of the seond type. We prove their generating
funtions are also given by ane haraters, this time omputed at some speial values of
parameters yi. Thus they an be identied with equivalene lasses of blended partitions
mentioned above.
To start with, for a given k we onsider the following funtion of two parameters
introdued in [8℄
Gk(z, q) =
∞∏
n=0
(1 + zqn+1 + . . . zkqk(n+1))(1 + z−1qn + . . . z−kqkn)
=
∑
r∈Z
Zkr (q)z
r, (13)
where the seond line denes impliitly funtions Zkr (q).
The ruial observation is that this expression enodes generating funtions for all non-
twisted and twisted setors of C2/Zk orbifold: a partition funtion for a setor twisted by
ωr (for r = 0, . . . , k−1) is given by Zk−r(q), i.e. a term proportional to z
−r
. It is understood
that the invariant setor orresponds to i = 0, i.e. z-independent term. Thus we laim
Zk−r =
∑
seond type partitions
q#(black boxes).
We reall the generalized partitions an be interpreted as blended partitions, and then
there is always only one type of distinguished boxes, related to invariant monomials from
the total Fok spae F point of view. But for r 6= 0 the orner of this blended partition
is xed at suh a position that these distinguished invariant boxes belong to the twisted
setor of the partition.
In partiular, for k = 1 the expression (13) redues to the standard Jaobi triple
produt identity (19), with a single setor with Zk=10 (q) ∼
∏
(1− qn)−1 = q−1/24η(q). This
reprodues of ourse the partition funtion for N = 4 theory on R4, given by η(q) funtion.
We now present how it generalizes to ALE spaes of Ak−1 type for arbitrary k.
As mentioned above, our generalized partitions from the invariant setor of C2/Zk
lattie are in one-to-one orrespondene with generalized Frobenius partitions with k rep-
etitions allowed. Their generating funtion was shown in [8℄ to be given by Zk0 (q). We
extend now this observation to all other setors in order to inlude instanton ontributions
for all possible at onnetions at innity.
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Thus, our present aim is to ompute generating funtions Zk−r(q) for eah r = 0, . . . , k−
1. A symmetry under reetion along the diagonal x = y implies the relation
Zk−r = Z
k
−(k−r).
Antiipating the result, this is also an important property of ŝu(k) ane haraters at
level 1. Several lowest terms in generating funtions for invariant and twisted setors of
C
2/Z3 orbifold, together with all relevant partitions, are shown in gures 7 and 8.
Figure 7: Orbifold partitions of the seond type in an invariant setor onsist
of blak boxes whih are invariant with respet to the ation of the orbifold
group. First terms of a generating funtion for an invariant setor of C2/Z3
orbifold are Z30 = 1 + q + 3q
2 + 5q3 + . . .
Figure 8: First terms of the generating funtion of the twisted setor of the
C
2/Z3 orbifold Z
3
−1 = Z
3
−2 = 1 + 2q + 4q
2 + 7q3 + . . .
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The funtion (13) an be rewritten as follows
Gk(z, q) =
k∏
j=1
( ∞∏
m=1
(1− ζjzqm)
∞∏
n=0
(1− ζ−jz−1qn)
)
= (14)
=
∏
i=1
1
(1− qi)k
k∏
j=1
∑
mj∈Z
(−1)mjqmj(mj+1)/2zmjζjmj
where ζ = e2πi/(k+1). (Note it's dierent from ω!)
The rst line above reveals a relation to a system of k fermions with phases ζ±j. The
seond line allows to extrat a term Zk−r(q) we are looking for by imposing the ondition
− r = m1 +m2 + . . .+mk. (15)
After a little algebra this leads to the main result:
Zk−r = (−1)
rqr(r−1)/2ζ−kr
qk/24
η(q)k
× (16)
×
∑
m1,...,mk−1∈Z
q
Pk−1
i=1 m
2
i+
P
i<j mimj+r
Pk−1
i=1 miζ−(k−1)m1−(k−2)m2−...−mk−1 ,
where r = 0, . . . , k − 1.
Let us now prove that the generating funtions we obtained in (16) indeed an be writ-
ten as ane ŝu(k)1 haraters, and moreover that they enode the entire û(k)1 harater,
similarly as in the rst ase (12).
First, let us redene the summations in (33) by introduing ni =
∑
j Mijmj , for M
having 1 on and above the anti-diagonal (and zeros otherwise). We get
χcsu(k)1r (yi) =
1
η(q)k−1
q
r2
2
k−1
k ζ−r(k−1)/2×
×
∑
m1,...,mk−1
q
P
im
2
i+
P
i<j mimj+r
P
miζ−m1(k−1)...−mk−1 ,
and to math to Zk−r in (16) we had to hoose
yi = ζ
ai, for ai = −
∑
j
A−1ij = −
(k − i)i
2
,
whih immediately determine the ratios of xi's in (37)
yi = ζ
ai ⇐⇒ y˜i =
xi
xi+1
= ζ−1.
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Moreover, the prefators in (16) math the n = 0 fator of the û(1)k harater if we identify
x˜ = x1 · · ·xk = ζ
−k(k+1)/2,
whih altogether determines
xi = ζ
−k−1+i = ζ i,
where we used ζk+1 = 1.
Now the preise relation between the haraters and the orbifold partitions reads
Zk−r =
∑
seond type partitions
q#(black boxes) = fk,r(q, ζ)χ
csu(k)1
r (yi = ζ
ai), (17)
where
fk,r = (−1)
r ζ−
r
2
− rk
2
q
k
24
+ r
2
2k
− r
2
η(q)
= (−1)rq
k
24
− r
2 χbu(1)kr
(
x˜ = ζ−
k(k+1)
2
)
|n=0,
where |n=0 denotes the orresponding term in equation (30).
Finally, the full partition funtion arises from dierent setors and should be given by
the overall û(k)1 harater as in (38). From the above identiations we get
χbu(k)1(xi = ζ i)|n=0 = q−k/24
k−1∑
r=0
(−1)rqr/2 Zk−r. (18)
6 Some examples of orbifold partitions of the seond
type
The generating funtions we obtained an also be presented in terms of innite produts
by applying the Jaobi identity
∞∏
n=1
(1− qn)(1 + zqn)(1 + z−1qn−1) =
∑
m∈Z
zmqm(m+1)/2. (19)
Some examples of partiular omputations orresponding to formula (16) for the partitions
of the seond type for orbifolds C2/Zk for k = 2, 3, 4 are given below.
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6.1 C
2/Z2
The invariant setor:
Z20(q) =
∏
n=1
1
(1− qn)(1− q12n−10)(1− q12n−9)(1− q12n−3)(1− q12n−2)
=
=
∏
n=1
1
1− qn
exp
∑
n>0
q−4n + q−3n + q3n + q4n
(−1) · n[12n]
= (20)
= 1 + q + 3q2 + 5q3 + 9q4 + 14q5 + 24q6 + 35q7 + 55q8 + 81q9 + . . .
The twisted setor (terms proportional to ω = e2πi/2 = −1):
Z2−1(q) =
∏
n=1
1 + q2n−1
(1− qn)(1− q12n−6)
= (21)
=
(∏
n=1
1
1− qn
)
exp
∑
n>0
q−5n + q−3n + q−n − (−1)n + qn + q3n + q5n
(−1)n · n[12n]
=
= 1 + 2q + 3q2 + 6q3 + 10q4 + 16q5 + 26q6 + 40q7 + 60q8 + 90q9 + . . .
6.2 C
2/Z3
The invariant setor (ompare with gure 7):
Z30 (q) =
∏
n=1
(1− q6n)(1− q12n−6)
(1− qn)(1− q2n)(1 + q6n)(1− q6n−3)2
=
=
∏
n=1
1
(1− qn)
(22)
exp
∑
n>0
q−4n + 2q−3n + q−2n − 1 + (−1)n + q2n + 2q3n + q4n + (−1)nq6n
(−1) · n[12n]
=
= 1 + q + 3q2 + 6q3 + 11q4 + 18q5 + 31q6 + 49q7 + 78q8 + 119q9 + . . .
Both twisted setors (terms proportional to ω = e2πi/3 and ω) have the same generating
funtions, as is geometrially obvious; this funtion in fat is a sum of two innite produts
(ompare with gure 8):
Z3−1;−2(q) = −i
∏
n=1
(1− q6n)(1− q2n)
(1− qn)3
(∏
n=1
(1 + iq6n−1)(1− iq6n−5)(1 + q4n−2) +
+(i− 1)
∏
n=1
(1 + iq6n−4)(1− iq6n−2)(1 + q4n)
)
(23)
= 1 + 2q + 4q2 + 7q3 + 13q4 + 22q5 + 36q6 + 57q7 + 90q8 + 137q9 + . . .
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6.3 C
2/Z4
We present just several terms in the expansion. For the invariant setor:
Z40 (q) = 1 + q + 3q
2 + 6q3 + 12q4 + 20q5 + 35q6 + 56q7 + 92q8 + 142q9 + . . .
Twisted setors proportional to ω = e2πi/4 = i and ω = −i have the same generating
funtions:
Z4−1;−3(q) = 1 + 2q + 4q
2 + 8q3 + 14q4 + 25q5 + 42q6 + 68q7 + 108q8 + 168q9 + . . .
The twisted setor proportional to ω2 = −1:
Z4−2(q) = 1 + 2q + 5q
2 + 8q3 + 16q4 + 26q5 + 45q6 + 72q7 + 115q8 + 176q9 + . . .
6.4 C2/Z4 and ane haraters
Let us onsider an example of a relation between orbifold partitions and haraters for
the ase of C
2/Z4. Using
ζ = e
2pii
5 , y˜1 = y˜2 = y˜3 = ζ
−1, xi = ζ
i
in formulas (17) and (33), one an immediately rederive expansions in setion 6.3. More-
over, using these expansions, the deomposition of û(4)1 harater (34) indeed mathes the
result (18)
χbu(4)1(xi = ζ i)|n=0 = q−1/6
(
Z40 − q
1/2Z4−1 + qZ
4
−2 − q
3/2Z4−3
)
=
= q−1/6
(
1− q1/2 + 2q − 3q3/2 + 5q2 − 6q5/2 + 11q3 − 12q7/2 + 20q4 − 22q9/2 + 36q5
)
.
7 Summary
In this paper we found an interpretation of partition funtions ofN = 4 theories on ALE
spaes in terms of generalized (or orbifold) partitions, and we desribed the orresponding
free fermion system. In partiular, we obtained two expressions for the partition funtion
of the N = 4 theory given by equations (12) and (18). These expressions enode ŝu(k)1
haraters whih is onsistent with preditions of [1, 2℄, and an also be viewed as n = 0
setor of û(k)1 haraters. Summation over all n would reprodue the full û(1) fator of
û(k)1 haraters, whih was interpreted in [5℄ as arising from monopoles going around S
1
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at innity of the Taub-NUT spae (this Taub-NUT is a irle ompatiation of ALE
spae and an be used to engineer the relevant N = 4 theory dual to our fermioni
system by 9-11 duality). As û(k)1 haraters expressions (12) and (18) dier only in their
arguments, and both an be understood as generating funtions of generalized partitions.
These generalized partitions are identied with blended partitions representing k fermions
with harges pi and xed total harge p =
∑
i pi. In the harater the fermions are weighted
by a power of q whih turns out to be equal to the number of distinguished (blak) boxes
in orresponding generalized partition. In the rst ase eah blended partition arises one,
so in general there are several partitions with the same set of blak boxes, but diering in
positions of white weightless boxes. In the latter ase the eet of a partiular value of
xi = ζ
i
is suh that oeients of all generalized partitions with the same onguration of
blak boxes add up exatly to 1, so the ounting redues to the ounting of the generalized
Frobenius partitions introdued by Andrews.
It would be nie to generalize the point of view we presented in this paper in various
diretions. Firstly, it would be interesting to introdue orbifold partitions for other types
of ALE spaes on one hand, and other gauge groups on the other hand. Moreover, we note
that in [4℄ U(N) gauge theories on R4 were related to the ounting of blended partitions,
while our results relate blended partitions to U(1) theory on ALE spaes. Invoking level-
rank duality, one might hope to onnet blended partitions, and possibly more general
orbifold partitions, to U(N) theories on arbitrary ALE spaes, with ŝu(k)N haraters of
Nakajima arising as generating funtions of those partitions.
Seondly, the fermions we onsidered are related to the fermions living on the inter-
setion of D4 and D6-branes analyzed in [5℄. It would therefore be of interest to provide
an expliit interpretation, in terms of yet more general lass of partitions, of the entire
interseting brane system and its aspets related to the level-rank duality.
Moreover, our results might be of interest in the ontext of a Langlands redution of
four-dimensional gauge theories dened on spaes whih are not produts of two urves.
One of the simplest examples are Ik singularities, where in the I1 ase instantons of the
sigma-model give rise to η funtion as well. Presumably analogous ounting for arbitrary
Ik ould also be related to blended partitions.
Finally, one might hope to lift our onsiderations to three-dimensional partitions and
six-dimensional gauge theories. In the simplest ase of Zk orbifolds, in the rst instane it
would be desirable to generalize U(1) gauge theory results of [7℄ to theories dened on orb-
ifold C3/Zk spaes. Even though the orresponding three-dimensional orbifold partitions
20
are easy to visualize, it is non-trivial to nd exatly their generating funtions. Suppos-
edly they are related in a non-trivial way to the topologial vertex theory and topologial
strings, in a omplementary way to ensembles of restrited Calabi-Yau rystals onsidered
in [16, 17, 18℄. This still remains an unexplored area of researh.
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Appendies
A Two-dimensional partitions
A partition R = (R1, R2, . . . , Rl) is a set of non-inreasing positive integers, R1 ≥ R2 ≥
. . . ≥ Rl. l = l(R) is alled a length of a partitionR. A partition an be presented in a form
of a Young diagram, whih is a tableaux of l(R) rows of boxes, with Ri boxes in i'th row.
We often identify a partition with its Young diagram. A dual (or transposed) partition
arises from a transposition of the Young diagram orresponding to R and is denoted Rt.
A partition an also be presented in the so-alled Frobenius notation. Let d(R) denote
the number of boxes on a diagonal of a Young diagram of R. Then
R =
(
a1 a2 . . . ad(R)
b1 b2 . . . bd(R)
)
(24)
where ai and bi have interpretation as distanes from eah diagonal element to the end of
its row and olumn respetively and are given by
ai = Ri − i, bi = R
t
i − i. (25)
Sequenes (ai) and (bi) are neessarily stritly dereasing.
A size of R is dened as the number of boxes in the orresponding Young diagram. It
is denoted |R| and an be written in the standard and the Frobenius notation respetively
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as
|R| =
l(R)∑
i=1
Ri = d(R) +
d(R)∑
i=1
(ai + bi).
For example, for a partition
R = (5, 4, 2, 1, 1) =
(
4 2
4 1
)
=
we have l(R) = 5, d(R) = 2, |R| = 13 and
Rt = (5, 3, 2, 2, 1) =
(
4 1
4 2
)
=
A N-olored partition is a set of N partitions ~R = (R(1), R(2), . . . , R(N)); eah R(i) by
itself is a usual partition: R(i),1 ≥ R(i),2 ≥ . . . ≥ R(i),l(Ri). A diagram of N-olored partition
is a set of N diagrams orresponding to R(i)'s. A size of N -olored partition ~R =
∑
i,j R(i),j
is equal to the total number of boxes in its diagram.
In this paper we also generalize the notion of a partition and introdue the so-alled
orbifold or generalized partitions. As these objet are non-standard, we present them in
the main body of the paper in setion 3.
B Free fermion formalism
Let us onsider a omplex fermion in the NS setor
ψ(z) =
∑
n∈Z
ψn+ 1
2
z−n−1, ψ∗(z) =
∑
n∈Z
ψ∗
n+ 1
2
z−n−1, (26)
subjet to antiommutation rules
{ψn+ 1
2
, ψ∗
−m− 1
2
} = δm,n.
Partile annihilation and reation operators are ψ∗
n+ 1
2
with respetively n ≥ 0 and n < 0.
The vauum state |0〉 is dened as
ψn+ 1
2
|0〉 = 0, ψ∗
n+ 1
2
|0〉 = 0, for n ≥ 0, (27)
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and a basis of the total Fok spae F is given by states obtained by ating with reation
operators on this vauum. The spae F deomposes
F =
⊗
p∈Z
Fp
into subspaes Fp of xed U(1) harge with respet to the urrent
J(z) =: ψ(z)ψ∗(z) :=
∑
k∈Z
z−k−1
∑
n∈Z
: ψn+ 1
2
ψ∗
k−n− 1
2
:=
∑
k∈Z
Jkz
−k−1
and vaua |p〉 with harge p an be introdued
ψn+ 1
2
|p〉 = 0, for n ≥ p,
ψ∗
m+ 1
2
|p〉 = 0, for n ≥ −p, (28)
so that eah subspae Fp is generated from |p〉.
There is a very interesting one-to-one orrespondene between free fermion states and
two-dimensional partitions. In p = 0 setor the state
|R〉 =
d∏
i=1
ψ∗
−ai−
1
2
ψ−bi− 12
|0〉
orresponds to the partition R = (R1, . . . , Rl) suh that
ai = Ri − i, bi = R
t
i − i,
whih are preisely the numbers whih speify a partition in the Frobenius notation (24).
It is easy to visualize this orrespondene in terms of the Fermi sea. In partiular the
vauum |0〉 is given by a Fermi sea with all negative states lled and it is mapped to the
trivial partition •. A nontrivial partition is most easily visualized if one draws it with a
orner xed at the edge of the lled part of the Fermi sea. Then, the positions of partiles
and holes are read o by projeting the ends of the rows and the olumns of this partition
onto the Fermi sea. There are then two onventions to draw suh a state of the Fermi sea,
as illustrated in gure 9.
For p 6= 0 one draws a partition with a orner xed at position p of the Fermi sea, and
then reads o the positions of the partiles and the holes similarly as above, by projeting
the ends of the rows and the olumns onto the Fermi sea. A state orresponding to a
partition R of harge p is denoted as |p, R〉.
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Figure 9: A orrespondene between partitions and states. Positions of partiles
and holes are given by projeting the ends of the rows and the olumns of a
partition onto a Fermi sea. Partiles are drawn in red, and aording to one of
the onventions used holes are drawn either in red (left), or just as holes (right).
The partition drawn in the gure is R = (5, 2, 2, 1) and the orresponding state
is |R〉 = ψ∗
− 1
2
ψ− 3
2
ψ∗
− 9
2
ψ− 7
2
|0〉.
The zero mode of Virasoro algebra is an important operator
L0 =
∑
r∈Z+ 1
2
r : ψrψ
∗
−r :
States represented by partitions are eigenstates of L0 with eigenvalues related to the number
of boxes of a partition and a harge
L0|p, R〉 =
(
|R|+
p2
2
)
|p, R〉. (29)
C Charaters
In this appendix we present expliit formulas for ane haraters following the notation
used in [14℄ and [15℄.
C.1 χ
û(1)N
j haraters
χ
bu(1)N
j haraters are dened as
χ
bu(1)N
j (x) =
1
η(q)
∑
n∈Z
q
N
2
(n+j/N)2xn+j/N . (30)
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C.2 χ
ŝu(k)1
r haraters
In general, the harater of an ane integrable weight λ̂ at a given level l and nite
part λ an be written in terms of string funtions c
bλ
bλ′ and Θ-funtions
χ
bλ(ζ, q) =
∑
bλ′
c
bλ
bλ′Θbλ′, l, Θbλ′, l(ζ, q) =
∑
α∨∈Q∨
e2πi(lα
∨+λ′|ζ)q
l
2
|α∨+λ′/l|2
(31)
where ζ =
∑
ziα
∨
i is ertain speialization point and q = e
2πiτ
.
For ŝu(k)1 there is a single string funtion c
bλ
bλ = η(q)
−k+1
, and there are k integrable
weights at level 1 with orresponding haraters labelled by r = 0, . . . , k − 1. To be more
preise, we onsider in fat speialized haraters, omputed at a partiular point in Cartan
subalgebra. Choosing this point as ζ =
∑
ziα
∨
i , the haraters of ŝu(k)1 take an expliit
form
χcsu(k)1r (zi, q) =
Θlevel 1λr (ζ, q)
η(q)k−1
=
1
η(q)k−1
∑
α∨∈Q∨
e2πi(α
∨+λr |ζ)q
1
2
|α∨+λr|2 .
For r'th weight we an hoose e.g. λr = rω1. For an arbitrary element of oroot lattie
α∨ =
∑k−1
i=1 niα
∨
i we get
1
2
|α∨ + λr|
2 =
∑
i
(n2i − nini+1) + n1r +
r2
2
k − 1
k
,
e2πi(α
∨+λr |ζ) = y2n1−n2+r1 y
2n2−n1−n3
2 . . . y
2nk−1−nk−2
k−1 =
k−1∏
i=1
y˜
ni+
k−i
k
r
i ,
where we introdue
yi = e
2πizi ,
y˜1 =
y21
y2
, y˜2 =
y22
y1y3
, . . . , y˜k−1 =
y2k−1
yk−2
. (32)
With suh a notation the haraters read
χcsu(k)1r (yi, q) =
1
η(q)k−1
∑
n1,...,nk−1
q
P
i(n
2
i−nini+1)+n1r+
r2
2
k−1
k yr1
k−1∏
i=1
y
P
j Aijnj
i =
=
1
η(q)k−1
∑
n1,...,nk−1
q
P
i(n
2
i−nini+1)+n1r+
r2
2
k−1
k
k−1∏
i=1
y˜
ni+
k−i
k
r
i . (33)
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C.3 χû(k)1 harater and its deomposition
û(k)1 harater is given by a trae over a Fok spae of k free omplex fermions. It
depends on variables zi, i = 1, . . . , k whih ouple to Cartan urrents Ji
χbu(k)1(xi, q) = TrF
(
e2πi
P
i ziJi qL0−
k
24
)
=
= q−
k
24
k∏
i=1
∏
p∈Z++
1
2
(1 + xiq
p)(1 + x−1i q
p) =
=
1
η(q)k
∑
~p=(p1,...,pk)∈Z
q
1
2
(p21+...+p
2
k
) xp11 . . . x
pk
k =
ΘZk(q; zi)
η(q)k
, (34)
where xi = e
2πizi
. Here the Jaobi triple produt identity has been used, and in the last
line ΘZk funtion is dened in terms of summation over Z
k
lattie. We now show this
lattie deomposes as a produt of a one-dimensional lattie and su(k) root lattie Qsu(k)
Z
k =
k−1∑
r=0
Z×Qsu(k),
and rearrange summations appropriately. One-dimensional Z fator orresponds to u(1)
overall harge, so it is spanned by a diagonal ~p = (n, . . . , n) ∈ Zk. For a xed point on this
diagonal , su(k) lattie is given by a perpendiular hyperplane whih is spanned by k − 1
vetors ǫj − ǫj+1. An example of this deomposition is shown in gure (10). To probe all
points of the original Zk in fat an additional shift r = 0, . . . , k − 1 has to be introdued,
and we have to sum over all values of r eah point in Zk is uniquely speied by a set of
numbers (n;n1, . . . , nk−1; r):
~p = (p1, . . . , pk) =

n+ n1 + r
n− n1 + n2
n− n2 + n3
.
.
.
n− nk−2 + nk−1
n− nk−1

∈ Zk. (35)
Rewriting the above harater in terms of these variables we get
χbu(k)1 =
1
η(q)k
k−1∑
r=0
∑
n;n1,...,nk−1
q
kn2
2
+
P
i(n
2
i−nini+1)+
r2
2
+nr+n1rxn+n1+r1 x
n+n2−n1
2 . . . x
n−nk−1
k =
=
1
η(q)k
k−1∑
r=0
∑
n
q
k
2
(n+r/k)2 x˜n+r/k
∑
n1,...,nk−1
q
P
i(n
2
i−nini+1)+n1r+
r2
2
k−1
k
k−1∏
i=1
x˜
ni+
k−i
k
r
i (36)
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Figure 10: Deomposition of Z3 lattie into Z (along the diagonal x = y = z)
and su(3) root lattie Qsu(3) (in red).
where we introdued new variables
x˜ = x1x2 · · ·xk; x˜i =
xi
xi+1
, i = 1, . . . , k − 1. (37)
Comparing with (30) and (33), this an be written as
χbu(k)1(xi) =
k−1∑
r=0
χbu(1)kr (x˜)χ
csu(k)1
r (x˜i) (38)
where r runs over dierent u(1) harges and ŝu(k)1 weights.
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